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Abstract
We introduce the notion of an Hadamard foliation as a foliation of Hadamard manifold which all leaves are
Hadamard.
We prove that a foliation of an Hadamard manifold M of curvature  −a2 with  a norm of the second
fundamental form is Hadamard. For M = Hn we construct a canonical embedding of the union of leaf boundaries
into the boundary of Hn. This embedding is continuous and it is homeomorphism on any fixed leaf boundary.
Some methods of hyperbolic geometry are developed. It is shown that a ray in Hn with the bounded by κ < 1
curvature has a limit on the boundary.
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The aim of this paper is to provide and apply methods of hyperbolic geometry for studying a boundary
behaviour of foliations of the hyperbolic n-space.
We introduce the notion of an Hadamard foliation as a foliation of an Hadamard manifold which
all leaves are Hadamard. We restrict our attention to Hadamard foliations of Hn. The main result of
the paper is Theorem 3.2 in which a canonical embedding of leaf boundaries into the boundary of
H
n was constructed. We prove that this embedding is continuous (in some natural topology) and maps
homeomorphically every leaf boundary onto its image. The important role plays Theorem 2.2 which
states that a codimension one foliation of an Hadamard manifold of curvature −a2 with  a norm of
the second fundamental form is Hadamard. Moreover, it is true in any codimension for a foliation of Hn
(Theorem 2.3).
E-mail address: maczar@math.uni.lodz.pl (M. Czarnecki).0926-2245/$ – see front matter  2003 Elsevier B.V. All rights reserved.
doi:10.1016/j.difgeo.2003.12.005
358 M. Czarnecki / Differential Geometry and its Applications 20 (2004) 357–365This work was motivated from one side by results of Langevin and Sifre about the asymptotic
behaviour of curves on Hadamard manifolds [11]. Another motivation is the theorem of Browne from
[3] providing the wide class of codimension 1 totally geodesic foliations of Hn. The small perturbation
of the totally geodesic foliation leads to the Hadamard one as we prove in Proposition 2.5.
In the paper some methods of hyperbolic geometry are developed. We prove that a ray of small
curvature has a limit on ideal boundary of Hn (Proposition 3.1). In Section 1 there are some conditions
joining the curvature of the curve with extremal properties of distance.
Study of foliations of hyperbolic 3-manifolds and their limit sets was developed by Fenley ([8] and
others) and Calegari [4].
1. Curvature conditions for curves
In this section we shall obtain some tools which help us to study a boundary behaviour of curves on
H
n with small geodesic curvature.
Recall that an Hadamard manifold is a simply connected complete Riemannian n-manifold (n  2)
of non-positive sectional curvature. By the Hadamard–Cartan Theorem, for any two different points
of Hadamard manifold there exists an unique geodesic joining them. Moreover, every n-dimensional
Hadamard manifold is diffeomorphic to the open n-ball.
The following fact is a direct consequence of the existence and uniqueness of geodesics.
Lemma 1.1. Assume that a curve γ on the Hadamard manifold M attains at 0 a local maximum l of
distance from point p ∈ M . Let c be an arc length parametrized geodesic on M with c(0) = γ (0) and
c(l) = p. Then for any t > l the curve γ attains a sharp local maximum of distance from point c(t).
In the sequel the curvature k(γ ) of the curve γ denotes the geodesic curvature, i.e., the norm of the
covariant derivative of the unit field γ˙ .
We start with the observation that a bounded curve has to realize a maximum of distance.
Proposition 1.2. Let γ :R → M be an arc length parametrized curve on Hadamard manifold M . If the
image of γ is bounded and γ is of bounded curvature then there exists point p ∈ M such that γ attains
a positive local maximum of distance from p.
Proof. Assume that |γ˙ | = 1 and k(γ ) b. Choose a point q ∈ M out of the image of γ and consider
a function φ measuring distance from q to points γ (t), t ∈ R. Suppose that φ does not reach a local
maximum. Then we may assume that φ is non-decreasing and consider a closed ball B = B(q, r) where
r = supφ.
Since B is compact, γ (tm) → x for some x ∈ ∂B and some sequence tm → ∞. Let γ˙m be functions
from [−1,1] to T 1B given by γ˙m(t) = γ˙ (t + tm). We shall check that γ˙m’s satisfy assumptions of the
Arzela–Ascoli Theorem.
Indeed, T 1B is compact and contains images of γ˙m’s thus these functions are uniformly bounded. Let
dS and ‖ ·‖S denote the distance and the norm in TM coming from Sasakian metric in the tangent bundle,
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which means that γ˙m’s are equicontinuous.
Therefore the sequence (γ˙m) (maybe only a subsequence of it) tends uniformly to a continuous
function. Hence the sequence (γm) of their projections tends uniformly to a function γ0 of class C1
with γ0(0) = x.
Since the image of γ0 is contained in B , γ0 attains at 0 a local maximum of distance from q. By
Lemma 1.1, γ attains at 0 a sharp local maximum of distance from some point p. Thus for some m the
same holds for γm (a critical point may be different from 0), consequently for γ . 
A following Proposition 1.3 describes the influence of attaining a maximum of distance on the
curvature.
Proposition 1.3. If a curve γ on Hn attains at 0 a positive local maximum of distance from some point
p ∈ Hn then the curvature of γ at 0 is  1.
Proof. Assume that a curve γ : I → Hn is parametrized by arc length and attains at 0 a local maximum
of distance l from q ∈ Hn. Denote by c the unique geodesic defined on the interval [0, l] joining q to
γ (0) and consider its variation by unique geodesics ct joining q to γ (t).
According to the assumption a function L measuring length of curves ct has a local maximum at 0.
Thus L′(0) = 0 and L′′(0) 0. Applying the formulae for the first and second variation of arc length we
obtain
0 = L′(0) = 〈Y, c˙〉|l0,
0 L′′(0) =
l∫
0
(‖Y ′‖2 − 〈R(Y, c˙)c˙, Y 〉)dt + 〈∇YY, c˙〉|l0
where Y is the Jacobi field of the variation along c. Since Y (0) = 0 and Y (l) = γ˙ (0) the first equality
implies orthogonality Y to c˙ and by the Schwarz inequality k(γ )|0  〈∇YY, c˙〉|l . Hence the second
inequality together with the constant sectional curvature −1 of Hn gives
k(γ )|0 
l∫
0
(‖Y ′‖2 + ‖Y‖2).
On the other hand the Jacobi field on Hn along c satisfying conditions Y (0) = 0, Y (l)= γ˙ (0) is given by
the formula Y (t)= sinh t
sinh l E(t) where E is the unit parallel field along c with E(l)= γ˙ (0). Thus
k(γ )|0  sinh 2l2 sinh2 l
and the right side increases to 1 while l → ∞. This is allowed according to Lemma 1.1. 
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The above corollary can be obtained directly by computing the curvature of osculating circles (see
[5]).
From now on we consider the Poincaré model in ball of Hn. To simplify notation we mean many
geometric objects as adequate objects in Rn.
For α small we call α-sphere a sphere making angle α with ∂Hn (for α = 0 it is a horosphere). The
α-sphere can be imaging as shifted horosphere. An α-sphere bounds an α-ball (on the side of the former
horoball).
We say that the curve γ : I → Hn turns back to the α-ball Bα if there exist t1 < t0 < t2 belonging to I
such that γ (t1), γ (t2) ∈ Bα and γ (t0) /∈ Bα .
The following proposition extends Proposition 1.3 and provides a sense for attaining a maximum of
distance from point “outside” Hn.
Proposition 1.5. If a curve γ on Hn turns back to some α-ball then the curvature of γ at some point is
 cosα.
Proof. Assume that a curve γ turns back to an α-ball with a Euclidean center y and that the segment of
γ outside the closure of the α-ball is exactly from γ (t1) to γ (t2).
For some α1  α there exists α1-ball B with center lying on the segment 0y, covering γ ([t1, t2]) and
such that γ (t0) ∈ ∂B for some t0 ∈ (t1, t2).
Consider an osculating circle c for γ at point γ (t0). The circle c lies on a sphere S contained in B . S
is an usual sphere or an α2-sphere with α2  α1. In both cases k(c) cosα2 (details can be found in [5]).
To complete the proof it is sufficient to observe that k(c) = k(γ )|t0. 
2. The existence of Hadamard foliations
For a Riemannian manifold M and its submanifold L we call the non-negative number
‖BL‖ = sup
x∈L
sup
v∈T 1x L
∥∥BL(v, v)∥∥
a norm of the second fundamental form BL of submanifold L. If M is foliated by F then the supremum
over all leaves L of ‖BL‖ is called a norm of the second fundamental form of the foliation and denoted
by ‖BF‖.
Remark 2.1. If γ is a geodesic on a submanifold L parametrized by arc length then k(γ ) ‖BL‖. In
particular case ‖BL‖ = 0 every geodesic on L is a geodesic on M and L is totally geodesic.
We call a foliation F an Hadamard foliation if the foliated manifold is the Hadamard manifold and all
leaves of F are Hadamard.
The theorem below provides us an easy to use tool for recognizing some types of Hadamard foliations.
We shall see in Theorem 3.2 that the similar assumptions for Hn have several consequences on the
boundary too.
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foliation of M with codimF = 1. If ‖BF‖ a then F is an Hadamard foliation.
Proof. Let L be a fixed leaf of F . L is complete because M is complete. Obviously, L is connected as a
leaf. From the assumption we obtain ‖BL‖ a and according to S. Alexander’s theorem from the paper
[1] L is simply connected.
The non-positive curvature of L is easy to check using the Gauss formula
KL(u, v)= K(u, v)+BL(u,u)BL(v, v)−
(
BL(u, v)
)2
where are u, v are unit vectors tangent to L and KL, K are sectional curvatures of L and M ,
respectively. 
In case of hyperbolic space the result of Theorem 2.2 can be extended to any codimension.
Theorem 2.3. If F is a C2 foliation of Hn with codimF  n− 2 and ‖BF‖ < 1, then F is an Hadamard
foliation.
Proof. Let L be a fixed leaf of F . L is complete and negatively curved because of the same argument as
in the proof of Theorem 2.2.
Now suppose that L is not simply connected. In non-trivial homotopy class [τ ] ∈ π1(L, x0) we can find
a geodesic c : [0, l] → L on L with c(0) = c(l) = x0 (for details see [6]). Obviously, c is not necessary
closed geodesic.
On the one hand, c is of curvature less than 1 by the assumption ‖BF‖ < 1 and Remark 2.1. On the
other hand, c attains a positive local maximum of distance from x0. Thus the curvature of c is not less
than 1 at some point, according to Proposition 1.3, a contradiction. 
In the following example we shall see that if the negative curvature of an Hadamard manifold is not
separated from zero then it might occur foliations with arbitrary small second fundamental form but not
Hadamard.
Example 2.4. Let r  1. Consider the foliation F(r) of R3 whose leaves are a cylinder of radius r ,
coaxial cylinders with greater radii outside and the Reeb component inside. An easy computation shows
that for fixed ε > 0 there exists r such that ‖BF(r)‖ ε and of course not all leaves are simply connected.
In paper [12] Walczak showed that on the compact manifold of negative curvature there are no non-
trivial foliations satisfying ‖BF‖ η for some η > 0.
In the following proposition we show that a small perturbation of a totally geodesic foliation (i.e.,
‖BF‖ < ε) leads to an Hadamard foliation.
Proposition 2.5. Assume that M is an Hadamard manifold of curvature  −a2, a > 0. There exists a
neighbourhood U of identity in the strong topology C2S(M,M) such that for any f ∈ U and any totally
geodesic foliation F of M the image of F under f is an Hadamard foliation of M .
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respective derivatives of identity less than δ. Diffeomorphisms form an open set in the strong topology
(cf. [10]) hence we can choose an open neighbourhood V of identity containing only diffeomorphisms.
Let F be a totally geodesic foliation of M , and f a diffeomorphism of M . The second fundamental
form of f (L) depends continuously only on derivatives up to order 2 of the map f . It is sufficient to take
U = Uδ ∩ V with δ small enough and apply Theorem 2.2. 
The study of codimension 1 totally geodesic foliations of Hn was developed by Browne in the paper
[3]. The main theorem states that if c is a geodesic line in Hn, ‖c˙‖ = 1 and Z is a smooth unit vector
field along c satisfying 〈Z, c˙〉 > 0 and ‖∇ZZ‖  〈Z, c˙〉 then hyperbolic subspaces of codimension 1
orthogonal to Z foliate Hn (the original assumption is something weaker but more complicated).
The results of Browne provide a wide class of totally geodesic foliations of Hn and combined with
Proposition 2.5 give many examples of Hadamard foliations.
3. The boundary embedding
Recall that the ideal boundary M(∞) of an Hadamard manifold M is a quotient space of geodesic
rays parametrized by arc length on M identified if they are asymptotic. In the space M = M ∪M(∞) we
introduce the cone topology generated by truncated cones with vertices in M . M with the cone topology
is homeomorphic with dimM-dimensional closed unit ball in Euclidean space (see [7] for more details).
The following proposition is the important step in proof of Theorem 3.2.
Proposition 3.1. If the curvature of the curve γ : [0,∞) → Hn is bounded from the above by κ < 1 then
γ has a limit on the ideal boundary of Hn.
Proof. Suppose γ is bounded. According to Proposition 1.2 using the symmetry argument we see that
γ attains a local maximum of distance from some point. Therefore Proposition 1.3 yields that γ is of
curvature  1 at some point contrary to the assumption.
Now suppose that γ accumulates on two different points z1, z2 ∈ Hn(∞). To simplify the notation we
use the terminology coming from meaning Hn as the closed unit ball in Rn.
Take α satisfying cosα > κ . Let for Ci , i = 1,2, be disjoint spherical caps of vertices zi . On the
geodesic τi joining 0 with zi choose a point pi such that all α-balls tangent to τi at pi are contained in
Ci . In this family there is a finite set Bi of α-balls bounding a neighbourhood Ri of zi in Hn.
Since γ accumulates on both z1 and z2, it must go inside and outside R1 and R2 infinitely many times.
Hence in the set B1 there exists α-ball to which γ turns back infinitely many times.
Thus we conclude using Proposition 1.5 that k(γ )|t0  cosα > κ at some point t0, a contradiction. 
The assertion of Proposition 3.1 fails in the Euclidean space and more generally if the curvature of a
space is not separated from 0 at infinity. In Hn curves of the curvature greater than 1 need not have a limit
(e.g., a flat spiral converging to the boundary of Hn).
On a general Hadamard manifold our claim needs much stronger assumptions. Langevin and Sifre in
the paper [11] proved that a ray γ on a Hadamard manifold M is unbounded if k(γ ) tends to 0 at infinity
and γ has a limit on M(∞) if k(γ )|t · t1+ε is bounded for some ε > 0.
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in the boundary of the foliated manifold.
Fix an Hadamard manifold M and for every unit tangent vector v denote by γv a geodesic on M
starting in the direction of v. For any curve τ : [0,∞) → M let τ(∞) denote the limit of τ on M(∞)—
end of τ (if it exists). If τ is geodesic then its limit on the boundary is simply the asymptoticity class
of τ .
The end of the set A is the set A∞ ⊂ M(∞) of all ends of rays entirely contained in A.
Recall that M(∞) is homeomorphic to the unit sphere in Tp(M) for any p ∈ M . This homeomorphism
is given by ψ(v) = γv(∞) (cf. [7]).
In the union of the leaf boundaries of the Hadamard foliation F we introduce a topology coming from
the unit tangent bundle T 1F of the foliation F . Suppose that all geodesic rays on leaves have their limits
on M(∞) and consider equivalency ∼ in T 1F given by
v ∼w iff γ Fv (∞)= γ Fw (∞)
where the upper F refers to geodesics on leaves.
The quotient space T 1F/ ∼ may be identified with union of leaf boundaries. The quotient topology
in the union of leaf boundaries will be called canonical.
The next theorem is the main result of the paper. It defines a canonical embedding of “boundary”
of the Hadamard foliation F into the boundary of Hn and it is a good starting point for analyzing how
F(∞) “foliates” Hn. Of course, this is not a non-singular foliation of Sn−1. In dimension 3 this problem
was intensively studied by Fenley (see [8]).
Theorem 3.2. Suppose that the foliation F of Hn is of class C2, codimension  n − 2 and ‖BF‖ < 1.
Then the map Φ :
⋃
L∈F L(∞)→ Hn(∞) given by
Φ
([γ ])= γ (∞)
is continuous in the canonical topology of ⋃L∈F L(∞) and the cone topology of Hn(∞). Moreover, Φ
restricted to the unique leaf is homeomorphism onto its image.
Proof. Proposition 3.1 together with Remark 2.1 imply that every geodesic γ on a leaf has the end γ (∞).
We divide the proof into four steps.
First step. We show that Φ is well-defined. Denote by ΦL the restriction of Φ to the fixed leaf’s
boundary. If geodesics γ and τ are asymptotic on L then their distance in Hn is bounded too.
Suppose that the ends of γ and τ in Hn are different. Let Cγ and Cτ be disjoint cones with vertex 0
being neighbourhoods of γ (∞) and τ(∞), respectively. Starting from some parameter t0 images of γ
and τ are included in these cones. On the other hand we have an angle β such that for any p ∈ Cγ and
q ∈ Cτ holds p0q  β. From the hyperbolic law of cosines for t  t0 we obtain[
d
(
γ (t), τ (t)
)]2  [d(0, γ (t))− d(0, τ (t))]2 + 2d(0, γ (t)) · d(0, τ (t)) · (1 − cosβ).
The right side of this inequality is unbounded, a contradiction.
Second step. We shall see that ΦL is one-to-one. Suppose that two geodesics γ and τ on L have the
same end in Hn, i.e., γ (∞) = τ(∞) but they are not asymptotic on L. Since L is of negative curvature
separated from 0, there exists a geodesic line σ on L joining different points [γ ], [τ ] ∈ L(∞) (see for
instance [2]).
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σ (∞)= σ (−∞). Among them one can find an α-ball to which σ turns back. Then Proposition 1.5 yields
k(σ )|t0  cosα at some point t0. On the other hand σ as the geodesic on L is of curvature at most ‖BF‖,
a contradiction.
Third step. We prove that the map Φ˜ :T 1F → Hn(∞) given by formula
Φ˜(v) = γ Fv (∞)
is continuous. Assume that vn → v in T 1F and denote γn := γ Fvn and γ := γ Fv . The geodesic flow ϕ of
the foliation F , given by ϕt (v)= γ Fv (cf. [12]), is continuous hence γn → γ .
Suppose that the sequence of ends of γn’s do not converge to γ (∞). Without loss of generality we
may assume that γn(∞) → z ∈ Hn(∞) because boundary of Hn is compact.
Let B be an α-ball such that γ (0) ∈ B , z ∈ B∞ and γ (∞) /∈ B∞. Here α is the same as in the second
step. We shall find in the sequence (γn) a curve turning back to B .
There exists n0 such that for n  n0 γn(0) ∈ B . Since γ (∞) /∈ B∞ there exists t1 such that
γ ([t1,∞))∩ B = ∅. Now we have n1  n0 holding γn(t1) /∈ B for n n1. Furthermore the convergence
on the boundary imply γn(∞) ∈ B∞ for n  n2 where n2  n1. Then there exists t2 > t1 such that
γn2([t2,∞)) ⊂ B . Summarizing γn2 turns back to an α-ball B and according to Proposition 1.5 has
curvature at least cosα at some point. Following Remark 2.1 this contradicts the assumption.
Fourth step. If π is the canonical projection T 1F onto ⋃L∈F L(∞) then Φ˜ = Φ ◦ π and continuity
of Φ˜ implies that Φ is continuous. Moreover, for any L ∈ F , ΦL is one-to-one continuous map into the
compact space Hn(∞) hence ΦL is homeomorphism onto its image. 
The following example that the assumption ‖BF‖ < 1 of the previous theorem cannot be replaced by
‖BF‖ 1.
Example 3.3. For fixed z ∈ Hn(∞) consider a foliation of Hn by horospheres with the endpoint z. We
obtain the Hadamard foliation with flat leaves and ‖BF‖ = 1. Boundaries of leaves on Hn(∞) are reduced
to the point z therefore are not homeomorphic to the spheres L(∞), L ∈F .
In the example above leaf boundaries cover only one point on the Hn(∞). General study of boundary
behaviour of Hadamard foliations shall be author’s further study. Some known facts about totally
geodesic foliations of Hn may be useful.
Among them theorem of Ferus from [9] seems the most important. Ferus proved that F is a totally
geodesic codimension one foliation of Hn iff there exists a curve γ :R → Hn orthogonal to F and of
curvature  1.
The following example is a common implication of Ferus and Browne [3] results.
Example 3.4. If c is a geodesic line in Hn, then (n− 1)-dimensional hyperbolic subspaces orthogonal to
c form a totally geodesic (i.e., Hadamard) foliation of Hn. The image of the map Φ is the whole sphere
H
n(∞) without the endpoints of geodesic c. The leaf boundaries are disjoint and form a cylinder with
base Sn−1 = L(∞).
Similar results are expected for a curve of curvature  κ < 1, which has two different endpoints (by
Proposition 3.1). Curves of curvature equal to 1 imply a non-empty intersection of leaf boundaries.
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subspaces orthogonal to h. Leaf boundaries has the common point z and cover whole the boundary of
H
n
. In this case the embedding Φ is not globally one-to-one.
Combining the last two examples one can obtain a totally geodesic foliation with only one point
outside a sum of leaf boundaries. When we want to intersect leaf boundaries it suffices to bend a
transversal to the curvature 1.
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